Abstract. Starting with a σ-finite measure on an algebra, we define a pseudometric and show how measurable sets from the Caratheodory Extension Theorem can be thought of as limit points of Cauchy sequences in the algebra.
Introduction
Generations of graduate students in the mathematical sciences have wrestled to understand the Caratheodory Extension Theorem. A crucial part of any advanced Real Analysis course, the process extends an algebra to a σ-algebra and a measure on an algebra to a measure on a σ-algebra. This is a powerful tool in measure theory and statistics.
Let µ be a measure on an algebra Ω ⊂ P(X). The Caratheodory Extension consists of the following two main definitions: Definition 1; µ * : P(X) → R + where µ * (E) = inf{ µ(A i ) | E ⊆ ∪A i and A i ∈ Ω for all i ≥ 1} [1] . Definition 2; E ∈ P(X) is Measurable with respect to µ * if for every set A ∈ P(X), we have µ * (A) = µ * (A ∩ E) + µ * (A ∩ E C ). In general µ * is not a measure on P(X). In fact it turns out that the set M of measurable sets forms a σ-algebra and that (µ * , M ) is a measure space. Where definition 2 came from always seemed a mystery to the authors.
In this paper, we propose what we believe to be a simplification of the proof of the Caratheodory Extension Theorem when µ is σ-finite. Our first step is to define the pseudometric d(·, ·) = µ * (·△·). We will say a sequence {B n } in Ω is µ-Cauchy iff lim d(B n , B m ) → 0. Next we define S = {S ∈ P(X)|∃ µ-Cauchy sequence {B n } s.t. lim µ * (B n △S) = 0}. In particular, S merely consists of limit points of µ-Cauchy sequences. The authors believe that S is both an intuitive and natural definition. Our S will replace Definition 2 in the Caratheodory Extension Theorem. For S ∈ S, we define µ(S) = lim µ(B n ) where {B n } is a µ-Cauchy sequence which converges to S. We will show that ( µ, S) is the measure space obtained by the Caratheodory Extension Theorem.
Main Results
Let µ be a finite measure on an algebra Ω ⊂ P(X) and µ * be the outer measure defined by µ * (A) = inf{ µ(A i ) | E ⊆ ∪A i and A i ∈ Ω for all i ≥ 1} for any A ∈ P(X). [2] .
Lemma 3. µ * | Ω = µ, from page 292 of [1] .
Convention 1. Unless otherwise stated, {B
α n } and {B n } will be µ-Cauchy sequences.
Lemma 4. {B n } a µ-Cauchy sequence implies {µ(B n )} is a Cauchy sequence of real numbers.
} is a Cauchy sequence in R. Thus, the claim follows.
Hence the claim follows.
Lemma 6. S is an algebra.
Proof. Let S 1 , S 2 ∈ S. There exist µ-Cauchy sequences {B 1 n } and {B 2 n } which correspond to S 1 and S 2 respectively. Now
n } is a µ-Cauchy sequence by Lemma 5, by taking the limit on both sides, S 1 ∪ S 2 ∈ S.
In addition, this covers the finite union case. Note now that {B
n } is a µ-Cauchy sequence which corresponds to S 1 ∪ S 2 .
Similarly, (S 1 ) C ∈ S, thus S is an algebra.
Definition 3. Definition of the measure on S. Let S ∈ S. Then there exists a µ-Cauchy sequence {B n } which corresponds to S. By lemma 4, lim µ(B n ) exists. We define µ(S) = lim µ(B n ).
Remark 2. By lemmas 1 and 3, |µ
Proof. Let S 1 , S 2 ∈ S be disjoint, then there exists µ-Cauchy sequences {B 1 n } and {B 2 n } which correspond to S 1 and S 2 respectively. By Lemma 6, S
Therefore, µ is finitely additive.
Lemma 8. S is a σ-algebra.
Proof. Let S i ∈ S be mutually disjoint and {B i n } correspond to each S i , for all i ≥ 1. By lemma 7 and remark 2, we have
First we will show that
For any n, µ
* (X) = 2µ(X) for any n. By the finiteness of µ and the subadditivity of µ * , we must have µ
. Now we are going to construct a µ-Cauchy sequence which converges to ∪ ∞ i=1 S i with respect to the pseudometric d(·, ·) = µ * (·△·).
is arbitrary close to it in terms of the pseudometric d(·, ·). Now, (2) implies for any L there exists an N L such that µ
. Thus, by Lemma 2
Therefore, S is a σ-algebra.
Lemma 9. µ is a countably additive measure on S.
Proof. By (2) for any ǫ > 0 there exists an M such that µ(∪
Therefore, µ is a countably additive measure on S.
Proof. The claim follows by Lemmas 8 and 9.
Theorem 2. E is a measurable set iff E is in S.
Proof. Suppose now E is measurable. µ * (E) < ∞ implies for any n there exists an
. By the triangle inequality and (3), we have µ Suppose E ∈ S. Then there exists a µ-Cauchy sequence {B n } such that lim µ * (B n △E) = 0. It follows we must have lim µ * (B n ∩ E C ) = 0 and lim µ * ((B n ) C ∩ E) = 0 (4). Note for A ∈ P(X) we must have µ
by the subadditivity of µ * . Moreover, B n is measurable for each n implies µ
. Now by taking limits on both sides of (5) and using (4), we get µ
. Thus, we must have µ * (A) ≥ µ * (A ∩ E) + µ * (A ∩ E C ). Hence, µ * (A) = µ * (A ∩ E) + µ * (A ∩ E C ) and E is measurable.
Conclusion
Theorems 1 and 2 show that the measure space ( µ, S) agrees with the Caratheodory Extension when µ is a finite measure. Moreover, theorem 2 show that measurable sets are exactly limit points of µ-Cauchy sequences. The σ-finite case follows from the finite case. .
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